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ON SOME GEOMETRIC PROPERTIES OF
SEQUENCE SPACE DEFINED BY
DE LA VALLE´E-POUSSIN MEAN
NECI˙P S¸I˙MS¸EK
Abstract. In this work, we investigate k− nearly uniform convex (k −NUC)
and the uniform Opial properties of the sequence space defined by de la Valle´e-
Poussin mean. Also we give some corollaries concerning the geometrical prop-
erties of this space.
1. Introduction
In summability theory, de la Valle´e-Poussin’s mean is first used to define the
(V, λ)-summability by Leindler [13]. Malkowsky and Savas¸ [16] introduced and
studied some sequence spaces which arise from the notion of generalized de la
Valle´e-Poussin mean. Also the (V, λ)-summable sequence spaces have been studied
by many authors including [7] and [23].
In literature, there have been many papers on the geometrical properties of
Banach spaces. Some of them are as follows: In [20], Opial defined the Opial
property with his name mentioned and he proved that ℓp(1 < p <∞) satisfies this
property but the spaces Lp[0, 2π] (p 6= 2, 1 < p < ∞) do not. Franchetti [9] has
shown that any infinite dimensional Banach space has an equivalent norm satisfying
the Opial property. Later, Prus [21] has introduced and investigated uniform Opial
property for Banach spaces. In [10], the notion of nearly uniform convexity for
Banach spaces was introduced by Huff. It is an infinite dimensional counterpart of
the classical uniform convexity. Also Huff [10] proved that every nearly uniformly
convex Banach space is reflexive and it has the uniformly Kadec-Klee property.
However, Kutzarova [12] defined and studied k-nearly uniformly convex Banach
spaces.
Recently, there has been a lot of interest in investigating geometric properties of
sequence spaces. Some of the recent work on sequence spaces and their geometrical
properties is given in the sequel: Shue [24] first defined the Cesa´ro sequence spaces
with a norm. In [5], it is shown that the Cesa´ro sequence spaces cesp (1 < p <∞)
have k−nearly uniform convex and uniform Opial properties. S¸ims¸ek and Karakaya
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[25] studied the uniform Opial property and some other geometric properties of
generalized modular spaces of Cesa´ro type defined by weighted means. In addition,
some related papers on this topic can be found in [1],[3],[11],[14],[17],[18],[19] and
[22].
Quite recently, S¸ims¸ek et al [26] introduced a new sequence space defined by de
la Valle´e-Poussin’s mean and investigated some geometric properties as Kadec-Klee
and Banach-Saks of type p. Moreover, the sequence space involving de la Valle´e-
Poussin’s mean is more general than Cesa´ro sequence space defined by Shue [24]
and investigated by Cui and Hudzik [4].
The main purpose of this paper is to investigate uniform Opial property and k-
nearly uniformly convex property of the sequence space defined in [26]. In addition
it will be given some corollaries concerning this space.
2. Preliminaries and Notation
Let (X, || · ||) (for the brevity X = (X, || · ||) ) be a normed linear space and let
B(X) (resp. S(X) ) be the closed unit ball (resp. unit sphere) of X . The space
of all real sequences is denoted by ℓ0. For any sequence {xn} in X , we denote by
conv({xn}) the convex hull of the elements of {xn} (see [2]).
A Banach space X is called uniformly convex (UC) if for each ε > 0, there is
δ > 0 such that for x, y ∈ S(X), the inequality ‖x− y‖ > ε implies that∥∥∥∥12(x+ y)
∥∥∥∥ < 1− δ.
Recall that for a number ε > 0 a sequence {xn} is said to be an ε − seperated
sequence if
sep ({xn}) = inf{‖xn − xm‖ , n 6= m} > ε.
A Banach space X is said to have the Kadec−Klee property (H property) if
every weakly convergent sequence on the unit sphere is convergent in norm.
A Banach space X is said to have the uniform Kadec−Klee property (UKK)
if for every ε > 0 there exists δ > 0 such that if x is the weak limit of a normalized
ε-separated sequence, then ‖x‖ < 1 − δ (see [10]). We have that every (UKK)
Banach space have the Kadec-Klee property.
A Banach space X is said to be the nearly uniformly convex (NUC) if for
every ε > 0 there exists δ > 0 such that for every sequence {xn} ⊂ B(X) with
sep ({xn}) > ε, we have
conv({xn}) ∩ (1 − δ)B(X) 6= ∅.
Let k ≥ 2 be an integer. A Banach space X is said to be k − nearly uniformly
convex (k −NUC) if for any ε > 0 there exists δ > 0 such that for every sequence
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{xn} ⊂ B(X) with sep ({xn}) > ε, there are n1, n2, ..., nk ∈ N such that∥∥∥∥xn1 + xn2 + ...+ xnkk
∥∥∥∥ < 1− δ.
Of course a Banach space X is (NUC) whenever it is (k−NUC) for some integer
k ≥ 2. Clearly, (k−NUC) Banach spaces are (NUC) but the opposite implication
does not hold in general (see [12]).
A Banach space X is said to have the Opial property if every sequence {xn}
weakly convergent to x0 satisfies
lim inf
n→∞
‖xn‖ < lim inf
n→∞
‖xn + x‖
for every x ∈ X (see [20]).
A Banach space X is said to have the uniform Opial property if every ε > 0
there exists δ > 0 such that for each weakly null sequence {xn} ⊂ S(X) and x ∈ X
with ||x|| ≥ ε, we have (see [21])
1 + τ ≤ lim inf
n→∞
‖xn + x‖ .
A point x ∈ S(X) is called an extreme point if for any y, z ∈ B(X) the equality
2x = y + z implies y = z.
A Banach space X is said to be rotund (abbreviated as (abbreviated as (R)) if
every point of S(X) is an extreme point.
A Banach space X is said to be fully k− rotund (write kR) (see [8]) if for every
sequence {xn} ⊂ B(X),
‖xn1 + xn2 + ...+ xnk‖ → k as n1, n2, ..., nk →∞
implies that {xn} is convergent.
It is well known that (UC) implies (kR) and (kR) implies ((k + 1)R), and (kR)
spaces are reflexive and rotund, and it is easy to see that (k−NUC) implies (kR).
In this paper, we will need the following inequalities in the sequel;
|ak + bk|
p
≤ 2p−1 (|ak|
p
+ |bk|
p
) ,
for p ≥ 1.
Let Λ = (λk) be a nondecreasing sequence of positive real numbers tending to
infinity and let λ1 = 1 and λk+1 ≤ λk + 1.
The generalized de la Valle´e-Poussin means of a sequence x = {xk} are defined
as follows:
tk(x) =
1
λk
∑
j∈Ik
xk where Ik = [k − λk + 1, k] for k = 1, 2, ... .
We write
[V, λ]0 =

x ∈ ℓ0 : limk→∞ 1λk
∑
j∈Ik
|xj | = 0


[V, λ] =
{
x ∈ ℓ0 : x− le ∈ [V, λ]0, for some l ∈ C
}
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and
[V, λ]∞ =

x ∈ ℓ0 : supk
1
λk
∑
j∈Ik
|xj | <∞


for the sequence spaces that are strongly summable to zero, strongly summable and
strongly bounded by the de la Valle´e-Poussin method, resp.(see [13]). In the special
case where λk = k for k = 1, 2, ... the spaces [V, λ]0, [V, λ] and [V, λ]∞ reduce to the
spaces w0, w and w∞ introduced by Maddox [15].
The following new paranormed sequence space defined in [26].
V (λ; p) =

x = (xj) ∈ ℓ0 :
∞∑
k=1

 1
λk
∑
j∈Ik
|xj |


pk
<∞

 .
If we take pk = p for all k; the space V (λ; p) reduced to normed space Vp(λ) defined
by
Vp(λ) =

x = (xj) ∈ ℓ0 :
∞∑
k=1

 1
λk
∑
j∈Ik
|xj |


p
<∞

 .
The details of the sequence spaces mentioned above can be found in [26].
3. Main Results
In this section we show that the space Vp(λ) is (k − NUC) and have uniform
Opial property. Firstly we need an important lemma.
Lemma 3.1. Let X ⊂ Vp(λ). For any ε > 0 and L > 0, there exists δ > 0 such
that for all x, y ∈ X,∣∣∣∣∣
∞∑
n=1
(
1
λn
∑
i∈In
|x(i) + y(i)|
)p
−
∞∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p∣∣∣∣∣ < ε,
whenever
∞∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p
< L and
∞∑
n=1
(
1
λn
∑
i∈In
|y(i)|
)p
≤ δ.
Proof. (See [5]) Let ||.|| denote the norm in Vp(λ). Then ‖y‖
p
< δ implies
| ||x+ y|| − ‖x‖ | ≤ ‖(x + y)− x‖ = ‖y‖ ≤ δ
1
p .
Since the function g(t) = tp is uniformly continuous on the interval
[
0, L
1
p + 1
]
,
we get the assertion of the lemma. 
Theorem 3.2. The space Vp(λ) is (k − NUC) for any integer k ≥ 2 where (1 <
p <∞).
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Proof. Let ε > 0 and (xn) ⊂ B(Vp(λ)) with sep ({xn}) > ε. Let x
m
n = (0, 0, ..., xn(m),
xn(m+1), ...) for eachm ∈ N. Since for each i ∈ N, {xn(i)}
∞
i=1 is bounded therefore
using the diagonal method one can find a subsequence {xnk} of {xn} such that the
sequence {xnk(i)} converges for each i ∈ N.
Therefore, there exists an increasing sequence of positive integer (km) such that
sep({xmnk}k>km) ≥ ε. Hence there is a sequence of positive integers (nm)
∞
m=1 with
n1 < n2 < n3 < ... such that
(3.1)
∥∥xmnm∥∥ ≥ ε2
for all m ∈ N.
Write Ip(x) =
∞∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p
and put ε1 =
kp−1−1
2kp(k−1) (
ε
2 )
p. Then by Lemma
3.1, there exists δ > 0 such that
(3.2) |Ip(x+ y)− Ip(x)| < ε1
whenever Ip(x) ≤ 1 and Ip(y) ≤ δ (see[6]).
There exists m1 ∈ N such that Ip(x
m1
1 ) ≤ δ. Next there exists m2 > m1 such
that Ip(x
m2
2 ) ≤ δ. In such a way, there exists m2 < m3 < ... < mk−1 such that
Ip(x
mj
j ) ≤ δ for all j = 1, 2, ..., k − 1. Define mk = mk−1 + 1. By condition (3.1),
there exists nk ∈ N such that Ip(x
mk
nk
) ≥
(
ε
2
)p
. Put ni = i for 1 ≤ i ≤ k − 1. Then
in virtue of (3.1), (3.2) and convexity of the function f(u) = |u|p, we get
Ip(
xn1 + xn2 + ...+ xnk
k
) =
m1∑
n=1
(
1
λn
∑
i∈In
∣∣∣∣xn1(i) + xn2(i) + ...+ xnk(i)k
∣∣∣∣
)p
+
+
∞∑
n=m1+1
(
1
λn
∑
i∈In
∣∣∣∣xn1(i) + xn2(i) + ...+ xnk(i)k
∣∣∣∣
)p
≤
m1∑
n=1
1
k
k∑
j=1
(
1
λn
∑
i∈In
∣∣xnj (i)∣∣
)p
+
∞∑
n=m1+1
(
1
λn
∑
i∈In
∣∣∣∣xn2(i) + xn3(i) + ...+ xnk(i)k
∣∣∣∣
)p
+ ε1
=
m1∑
n=1
1
k
k∑
j=1
(
1
λn
∑
i∈In
∣∣xnj (i)∣∣
)p
+
m2∑
n=m1+1
(
1
λn
∑
i∈In
∣∣∣∣xn2 (i) + xn3(i) + ...+ xnk(i)k
∣∣∣∣
)p
+
+
m3∑
n=m2+1
(
1
λn
∑
i∈In
∣∣∣∣xn2(i) + xn3(i) + ...+ xnk−1(i) + xnk(i)k
∣∣∣∣
)p
+ ε1
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≤
m1∑
n=1
1
k
k∑
j=1
(
1
λn
∑
i∈In
∣∣xnj (i)∣∣
)p
+
m2∑
n=m1+1
1
k
k∑
j=2
(
1
λn
∑
i∈In
∣∣xnj (i)∣∣
)p
+
+
∞∑
n=m2+1
(
1
λn
∑
i∈In
∣∣∣∣xn3(i) + xn4 (i) + ...+ xnk−1(i) + xnk(i)k
∣∣∣∣
)p
+ 2ε1
· · ·
≤
Ip (xn1) + ...+ Ip
(
xnk−1
)
k
+
1
k
mk−1∑
n=1
(
1
λn
∑
i∈In
|xnk(i)|
)p
+
+
∞∑
n=mk−1+1
(
1
λn
(∑
i∈In
∣∣∣∣xnk(i)k
∣∣∣∣
))p
+ (k − 1)ε1
≤
k − 1
k
+
1
k
mk−1∑
n=1
(
1
λn
∑
i∈In
|xnk(i)|
)p
+
1
kp
∞∑
n=mk−1+1
(
1
λn
∑
i∈In
|xnk(i)|
)p
+ (k − 1)ε1
= 1 +
1
k

1− ∞∑
n=mk−1+1
(
1
λn
∑
i∈In
|xnk(i)|
)p+ 1
kp
∞∑
n=mk−1+1
(
1
λn
∑
i∈In
|xnk(i)|
)p
+ (k − 1)ε1
≤ 1 + (k − 1)ε1 −
(
kp−1 − 1
kp
) ∞∑
n=mk−1+1
(
1
λn
∑
i∈In
|xnk(i)|
)p
≤ 1 + (k − 1)ε1 −
(
kp−1 − 1
kp
)(ε
2
)p
= 1−
1
2
(
kp−1 − 1
kp
)(ε
2
)p
Under the condition (3.1), Vp(λ) is (k −NUC) for any integer k ≥ 2. 
Theorem 3.3. For any (1 < p < ∞), the space Vp(λ) has the uniform Opial
property.
Proof. Let ε > 0 and ε0 ∈ (0, ε). Also let x ∈ X and ||x|| ≥ ε. There exists n1 ∈ N
such that
∞∑
n=n1+1
(
1
λn
∑
i∈In
|x(i)|
)p
<
(ε0
4
)p
.
Hence we have
∥∥∥∥∥
∞∑
i=n1+1
x(i)ei
∥∥∥∥∥ < ε04 ,
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where ei = (0, 0, ...,
i th
1 , 0, 0, ...). Furthermore, we have
εp ≤
n1∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p
+
∞∑
n=n1+1
(
1
λn
∑
i∈In
|x(i)|
)p
<
n1∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p
+
(ε0
4
)p
εp −
(ε0
4
)p
<
n1∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p
whence
εp −
(ε0
4
)p
≤
n1∑
n=1
(
1
λn
∑
i∈In
|x(i)|
)p
.
Since xm(i) → 0 for i = 1, 2, ... , we choose any weakly null sequences {xm} such
that lim inf
m→∞
‖xm‖ ≥ 1. Then there exists m0 ∈ N such that∥∥∥∥∥
n1∑
i=1
xm(i)ei
∥∥∥∥∥ < ε04
when m > m0. Therefore,
‖xm + x‖ =
∥∥∥∥∥
n1∑
i=1
(xm(i) + x(i)) ei +
∞∑
i=n1+1
(xm(i) + x(i)) ei
∥∥∥∥∥
≥
∥∥∥∥∥
n1∑
i=1
x(i)ei +
∞∑
i=n1+1
xm(i)ei
∥∥∥∥∥−
∥∥∥∥∥
n1∑
i=1
xm(i)ei
∥∥∥∥∥−
∥∥∥∥∥
∞∑
i=n1+1
x(i)ei
∥∥∥∥∥
≥
∥∥∥∥∥
n1∑
i=1
x(i)ei +
∞∑
i=n1+1
xm(i)ei
∥∥∥∥∥− ε02
Moreover;∥∥∥∥∥
n1∑
i=1
x(i)ei +
∞∑
i=n1+1
xm(i)ei
∥∥∥∥∥
p
=
n1∑
n=1
(
1
λn
∑
i∈In
|x(i)ei|
)p
+
∞∑
n=n1+1
(
1
λn
∑
i∈In
|xm(i)|
)p
≥ 1 + εp − 2
(ε0
4
)p
.
Since
(
2
(
ε0
4
)p
− 1 + (1 + ε0)
p) 1p > ε0 for 1 < p <∞, we can choose ε ≥ (2 (ε04 )p − 1 + (1 + ε0)p) 1p
and we have
∥∥∥∥∥
n1∑
i=1
x(i)ei +
∞∑
i=n1+1
xm(i)ei
∥∥∥∥∥ ≥
(
1 + εp − 2
(ε0
4
)p) 1p
≥ 1 + ε0
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Therefore, combining this result with the previous inequality, we get
‖xm + x‖ ≥
∥∥∥∥∥
n1∑
i=1
x(i)ei +
∞∑
i=n1+1
xm(i)ei
∥∥∥∥∥− ε02
≥ 1 + ε0 −
ε0
2
= 1 +
ε0
2
.
This means that Vp(λ) has the uniform Opial property. 
From the Theorem 3.2, we get that Vp(λ) is (k − NUC). Clearly (k − NUC)
Banach spaces are (NUC), and (NUC) implies property (H) and reflexivity holds,
[10]. Also, Huff proved that X is (NUC) if and only if X is reflexive and (UKK)
(see in [10]).
On the other hand, it is well known that
(UC)⇒ (kR)⇒ (k + 1)R,
and (kR) spaces are reflexive and rotund, and it is easy to see that
(k −NUC)⇒ (kR).
By the facts presented in the introduction and the just above; we get the following
corollaries:
Corollary 3.4. The space Vp(λ) (1 < p <∞) is (NUC) and then is reflexive.
Corollary 3.5. The space Vp(λ) (1 < p <∞) is (UKK).
Corollary 3.6. The space Vp(λ) (1 < p <∞) is (kR).
Corollary 3.7. The space Vp(λ) (1 < p <∞) is rotund.
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